Starting from the experimental data referring to the main parameters of the fracture surfaces of some 300-grade maraging steel reported by the classical work published in Nature 308, 721-722 1984 , this work studied a the multifractal scaling by the main parameters of the slit islands of fracture surfaces produced by a uniaxial tensile loading and b the dependence of the impact energy to fracture and of the fractal dimensional increment on the temperature of the studied steels heat treatment, for the fracture surfaces produced by Charpy impact. The obtained results were analyzed, pointing out the spectral size distribution of the found slit islands in the frame of some specific clusters fractal components of the multifractal scaling of representative points of the logarithms of the slit islands areas and perimeters, respectively.
economics, mathematics, glasses, agents, and cognition 10-13 , etc. have some common features centered on their statistical behavior and the corresponding phase transforms 4, 5, 8, 9 and chemical reactions, particularly, as well as of some dynamic aspects 14-16 , nonlinear effects 17 , and so forth. It results that these complex systems have certain universality properties, which-due to their generality see, e.g., 8 -can be described only by some specific numbers the so-called similitude numbers, or criteria 18-20 . How could it be possible to describe dimensional physical, particularly quantities only by numbers? The answer is obtained from the examination of: a predictions of Anderson 4, 5, 8, 9 relative to the "explosive" autocatalytic exponential growth following the spontaneous symmetry breaking inside the specific complex systems one finds that a certain dimensional parameter p has to be described by its logarithm: ln p , b Dalton's law of "defined proportions", intervening in the theory of chemical reactions somewhat similar to the phase transforms 3 : dξ −dν 1 /ν 1 −dν 2 /ν 2 · · · dν N /ν N , where the sign "−" corresponds to substances that disappear during the considered chemical reaction, while the sign " " corresponds to the appearing substances, finding that the degree of advance ξ of the considered reaction can be expressed by means of ln ν j , where ν j is the amount e.g., number of moles of one of the substances participating in the chemical reaction, c statistical expression of the thermodynamic entropy describing the dissipative processes , given by the Planck-Boltzmann's expression: S −k · ln ℘, where k is the the Boltzmann's constant, where ℘ is the probability density, d Claude Shannon's expression 21-23 of the individual information quantity: Á −a · ln ℘ a constant .
The simplest expression the zero-order approximation of the relation between a test physical parameter t u and the uniqueness one u is, of course, the linear expression: ln t ln t 1 s · ln u, equivalent to the power law : t u t 1 · u s .
1.1
If the uniqueness parameter u corresponds to the size L of the considered complex system, then the power law 1.1 particularizes into the fractal scaling . Because the prepower coefficient t 1k and the power exponent s k depend on the group k of chosen data, it results that the set of relations {t ki t 1k · u s k ki | k 1, N} corresponds to a multifractal scaling 24, 25 . Some additional detailed studies of the different types of fractal and multifractal scaling were accomplished in the frame of works 26-28 .
Critical Findings Referring to the Work Nature, 308, 721-722(1984)
In 1984, Mandelbrot et al. 29 claimed that the fracture surfaces of metals are fractal selfsimilar over a wide range of sizes, and introduced the experimental methods named "slit island analysis" SIA and "fracture profile analysis" FPA . As the large majority of papers published by Nature average impact factor 12 35 pointed out that how to determine the fractal dimension of a fractured surface has always been a problem of "argument", and e Williford 36 tried to explain the obtained results in terms of multifractals, but this explanation seemed not to be satisfactory for some experimental results 37, 38 , and so forth.
The detailed numerical analysis accomplished in the frame of this work pointed out that the main missing elements of work 29 are the following: a no justification of the indicated values of fractal dimensional increment from the capture of Figure 1 29 , b no analysis of the multifractal scaling of the log A f log P dependence corresponding to the slit islands areas and perimeters, respectively, c the regression line: impact energy f fractal dimensional increment from Figure 3 29 is obviously inexact, and it does not consider the corresponding possible nonlinear dependence, d the dependence of the fractal dimensional increment on the temperature of the heattreatment of the 300-grade maraging steel Charpy impact specimens studied by Figure 3 29 was not studied.
Procedure Intended to the Evaluation of the Fractal Dimension of the Slit Islands
In order to evaluate the slope of the regression line log A f log P , the numerical values of the decimal logarithms log A, log P of the slit islands areas and perimeters, respectively, indicated by Figure 1 
Study of the Multifractal Scaling of the log A f log P Dependence
Taking into account that all 6 extreme first 3 and last 3 representative points of Figure 1 29 are located under the regression line, we assumed that a nonlinear even a parabolic log A f log P expression could agree better with the experimental data reported by this figure. To check this assumption, we used the procedures of the well-known classical gradient method 42-44 in order to find the parameters of the parabolic correlation log A c 2 log P Table 1 . One finds that the explanation given by Williford 36 , in terms of multifractals, of the experimental data referring to the fracture surfaces is more realistic than the initial Mandelbrot's hypothesis. We have to underline that this explanation multifractals is supported also by the results obtained by Carpinteri and Chiaia 24, 25 especially for concrete samples.
The new versions of Figures 1 and 3 29 , after our numerical conversion using the method of work 39 of the experimental data indicated by these figures and the following parabolic fit for the log A f log P pairs , and the least-squares fit for the fractal dimensional increment f impact energy are presented below in the frame of our Figures 1 and  2 .
Towards the Fractal Components of the Multifractal Set of Fracture Surfaces Slit Islands of the Maraging Steels Studied by [29]
Taking into account the practical continuous change of the slope of the log A f log P plot, the definition of the fractal components of the multifractal set of fracture surfaces slit islands is strongly related to the experimental accuracy of the log A, log P parameters. As the accuracy of these parameters is not known, a certain image on these fractal components can be obtained starting from the identification of clusters of representative points log A, log P . We defined the log A, log P clusters starting from the distances between the nearest representative points in the space log A, log P . If the distance between the nearest representative points belonging to 2 neighbor sets is considerably larger than that for the nearest such points belonging to each set, these neighbor sets correspond to the desired clusters.
Using this procedure, we have identified 6 clusters in the log A, log P space of Figure 1 29 , defined by the pairs of log A, log P coordinates corresponding to the marginal representative points of each cluster.
These clusters of representative points in the log A, log P space are gathered around some average log P i values i 1, N . For each cluster of representative points, the local Table 2 : The "spectral" size distribution of the clusters of representative points in the log A, log P plot involved by Figure 1 26-29 as representing the fractal components of the multifractal scaling of the log A f log P dependence. Table 2 . The synthesis of these clusters features as well as the corresponding fractal dimensions or increments corresponding to each cluster as a specific representative of the fractal components of the multifractal set of fracture surfaces slit islands is presented by Table 2 .
One finds that the small values of the fractal dimension correspond to slit islands of relatively small dimensions perimeters of the magnitude order of μm , corresponding to fracture surfaces not too curly, and even involving some surface breaks which could explain eventually the seldom values little less than 2 of the fractal dimension corresponding to some small parts of the fracture surface .
Study of the Fractal Dimensional Increment of the Fracture Surfaces Produced by Impact on the Temperature of the Steels Heat Treatment
Unlike the fracture surfaces produced by uniaxial tensile loading, whose characteristic parameters were reported for the 300-grade maraging steel by Figure 1 29 , the last part of this work Figure 3 29 reports the main features of the fracture surfaces produced by impact.
The evaluation of the slope s and intercept i of the regression line E imp J s · t heat i describing the impact energy to fracture in terms of the temperature of the studied steels heat treatment led us to the results: s ∼ −1.069 J/
• C, i ∼ 494.21 J with a correlation coefficient r ∼ −0.9563 and a square mean relative error of 10.05%.
Similarly, the evaluation of the slope s and of the intercept i of the regression line i F s · t heat i describing the fractal dimensional increment of the fracture surface produced by impact in terms of the temperature of the studied steel heat treatment leads to the results s ∼ 1.25 · 10 −3 • C −1 , i ∼ −0.260, with a correlation coefficient r ∼ 0.9243 and a square mean relative error of 10.971%. One finds that, as it was expected, a the impact energy to fracture decreases approximately linearly, up to 450
• C with the temperature of the studied steels heat treatment and b the fracture surface deformation from its ideal planar shape , measured by its fractal dimensional increment, increases with the temperature of the heat treatment. It was possible to obtain also the parameters of a more exact than that performed in the frame of Figure 3 26-29 regression line E imp J s · i F i describing the dependence of the impact energy to fracture on the corresponding fracture surface deformation fractal dimensional increment s ∼ −781.47 J, i ∼ 258.40 J, correlation coefficient r ∼ −0.9442, and square mean relative error 13,31%, but we consider these last results as less important than the above-indicated ones, referring to the E imp and i F f t heat dependencies.
Investigations on the Compatibility with the Experimental Data of the Fractal/Multifractal Descriptions of the Fracture Parameters
Taking into account the errors affecting practically all experimental data, the decision about the compatibility or incompatibility of a certain hypothesis e.g., the fractal character of the fracture surfaces has to be established using some statistical tests 45-47 . Unfortunately, neither 29 nor 30, 32-38 studied statistically the compatibility of the investigated hypothesis relative to the experimental data, and even these works did not indicate the errors corresponding to the used experimental data. In order to evaluate the error risk at the rejection of the compatibility of a certain representative point relative to the studied correlation Y i f X , it is possible to use both global for the entire correlation or local test, respectively. For example, the error risk can be evaluated by means of the expression see 44-48
where Y ik and X k are the impact energy and the fractal dimension corresponding to the representative point state k 1, 2, . . . N , Y i,tk and X tk are the impact energy and the fractal dimension corresponding to the tangency point of the confidence ellipse centered in Y ik , X k with the studied correlation plot: Y i f X , while r k , s Y ik , and s X k are the correlation coefficient and the square mean errors corresponding to the individual values Y ik and X k . Because these errors are not indicated by the studied work 29 , we will try evaluate them from other studies about the fracture energy.
The studies 31, 48 of the published works concerning the multi fractal correlations of some mechanical fracture parameters with the specimen size points out the magnitude orders of the errors corresponding to the fracture energy. The corresponding relative errors are indicated in Table 3 . One finds that for concrete specimens, the average relative errors affecting the fracture energy is of approximately 7%.
Assuming that the relative errors affecting the values of the fractal dimension are considerably less than those corresponding to the impact energy approx. 10% , the expression 7.1 leads to error risks somewhat larger than 2% associated to the rejection of the compatibility hypothesis of the fractal/multifractal descriptions with the experimental data. It results that the compatibility hypothesis cannot be rejected, but a more sure decision needs imperatively the knowledge of the corresponding measurement errors. 
Conclusions
The accomplished study of the numerical data involved by 29 points out the following main original findings.
1 The decision concerning the fractal or multifractal character of the fracture surfaces of metals needs a previous rigorous study by means of the numerical analysis procedures.
2 In this aim, both the errors corresponding to the geometrical parameters perimeters and areas of the slit islands and to the specific mechanical parameters impact energies , respectively, are necessary.
3 Taking into account the considerable differences between the values of the fractal dimension resulting from Figure 1 29 , or indicated in the caption of Figure 1 29 , or in Figure 3 29 , we consider that the correct calculation of the fractal dimension corresponds to the interpretation from work 40 , which considers that only the perimeters of the slit islands present a fractal character: P ∝ R D−1 , while the areas of these slit islands present the usual second degree dependence on their radii A ∝ R 2 ; we have found that this interpretation 40 leads also to an agreement between the data from Figure 1 29 and the values of the fractal dimension indicated by this work 29 .
